This paper describes a new grid for the mass-radius relation of 3-layer exoplanets within the mass range of 0.1 through 100 M ⊕ . The 3 layers are: Fe (ǫ-phase of iron), MgSiO 3 (including both the perovskite phase, post-perovskite phase, and its dissociation at ultra-high pressures), and H 2 O (including Ices Ih, III, V, VI, VII, X, and the superionic phase along the melting curve). We discuss the current state of knowledge about the equations of state (EOS) that influence these calculations and the improvements used in the new grid. For the 2-layer model, we demonstrate the utility of contours on the mass-radius diagrams. Given the mass and radius input, these contours can be used to quickly determine the important physical properties of a planet including its p0 (central pressure), p1/p0 (core-mantle boundary pressure over central pressure), CMF (core mass fraction) or CRF (core radius fraction). For the 3-layer model, a curve segment on the ternary diagram represents all possible relative mass proportions of the 3 layers for a given mass-radius input. These ternary diagrams are tabulated into Table 3 with the intent to make comparison to observations easier. How the presence of Fe in the mantle affects the mass-radius relations is also discussed in a separate section. A dynamic and interactive tool to characterize and illustrate the interior structure of exoplanets built upon models in this paper is available on the website: http://www.cfa.harvard.edu/~lzeng.
Introduction
The transit method of exoplanet discovery has produced a small, but well constrained, sample of exoplanets that are unambiguously solid in terms of interior bulk composition. We -2 -call solid planets the ones that possess no H and He envelopes and/or atmospheres, i.e. their bulk radius is determined by elements (and their mineral phases) heavier than H and He. Such solid exoplanets are Kepler-10b (Batalha et al. 2011) , CoRoT-7b (Queloz et al. 2009; Hatzes et al. 2011) , Kepler-36b (Carter et al. 2012 ) as well as -most likely: Kepler-20b,e,f; Kepler-18b, and 55 Cnc e in which the solid material could include high-pressure water ice (see references to Fig. 3 
in 4.2).
There is an increased interest to compare their observed parameters to current models of interior planetary structure. The models, and their use of approximations and EOS, have evolved since 2005 (Valencia et al. 2006; Fortney et al. 2007; Grasset et al. 2009; Seager et al. 2007) , mainly because the more massive solid exoplanets (called Super-Earths) have interior pressures that are far in excess of Earth's model, bringing about corresponding gaps in our knowledge of mineral phases and their EOS (see a recent review by Sotin et al. 2010 ). Here we compute a new grid of models in order to aid current comparisons to observed exoplanets on the mass-radius diagram. As in previous such grids, we assume the main constituents inside the planets to be differentiated and model them as layers in one dimension.
The first part of this paper aims to solve the 2-layer exoplanet model. The 2-layer model reveals the underlying physics of planetary interior more intuitively, for which we consider 3 scenarios: Fe-MgSiO 3 or Fe-H 2 O or MgSiO 3 -H 2 O planet.
The current observations generally measure the radius of an exoplanet through transits and the mass through Doppler shift measurement of the host star. For each assumption of core and mantle compositions, given the mass and radius input, the 2-layer exoplanet model can be solved uniquely. It is a unique solution of radial dependence of interior pressure and density. As a result, all the characteristic physical quantities, such as the pressure at the center (p0), the pressure at core-mantle boundary (p1), the core mass fraction (CMF), and the core radius fraction (CRF) naturally fall out from this model. These quantities can be quickly determined by invoking the mass-radius contours.
The next part of this paper (Fig. 3 ) compares some known exoplanets to the massradius curves of 6 different 2-layer exoplanet models: pure-Fe, 50%-Fe & 50%-MgSiO 3 , pure MgSiO 3 , 50%-MgSiO 3 & 50%-H 2 O, 25%-MgSiO 3 & 75%-H 2 O, and pure H 2 O. These percentages are in mass fractions. The data of these six curves are available in Table 1 .
Up to now, a standard assumption has been that the planet interior is fully differentiated into layers: all the Fe is in the core and all the MgSiO 3 is in the mantle. In section 4.3, we will change this assumption and discuss how the presence of Fe in the mantle affects the mass-radius relation.
The final part of this paper calculates the 3-layer differentiated exoplanet model. Given -3 -the mass and radius input, the solution for the 3-layer model is non-unique (degenerate), thus a curve on the ternary diagram is needed to represent the set of all solutions (see Fig. 5 ). This curve can be obtained by solving differential equations with iterative methods. The ensemble of solutions is tabulated (Table 3) , from which users may interpolate to determine planet composition in 3-layer model. A dynamic and interactive tool to characterize and illustrate the interior structure of exoplanets built upon Table 3 and other models in this paper is available on the website http://www.cfa.harvard.edu/~lzeng.
The methods described in this paper can be used to fast characterize the interior structure of exoplanets.
Method
Spherical symmetry is assumed in all the models. The interior of a planet is assumed to be fully differentiated into layers in the first part of the paper. The 2-layer model consists of a core and a mantle. The 3-layer model consists of a core, a mantle and another layer on top of the mantle. The interior structure is determined by solving the following two differential equations:
(1) dp dm = − Gm 4πr 4
The two equations are similar to the ones in Zeng & Seager (2008) . However, contrary to the common choice of radius r as the independent variable, the interior mass m is chosen, which is the total mass inside shell radius r, as the independent variable. So the solution is given as r(m) (interior radius r as a dependent function of interior mass m), p(m) (pressure as a dependent function of interior mass m), and ρ(m) (density as a dependent function of interior mass m).
The two differential equations are solved with the EOS of the constituent materials as inputs:
The EOS is a material property, which describes the material's density as a function -4 -of pressure and temperature. The EOS could be obtained both theoretically and experimentally. Theoretically, the EOS could be calculated by Quantum-Mechanical Molecular Dynamics Ab Initio Simulation such as the VASP (Vienna Ab initio Simulation Package) (Kresse & Hafner 1993 , 1994 Kresse & Furthmüller 1996; French et al. 2009 ). Experimentally, the EOS could be determined by high-pressure compression experiment such as the DAC (Diamond Anvil Cell) experiment, or shock wave experiment like the implosion experiment by the Sandia Z-machine (Yu & Jacobsen 2011) . The temperature effect on density is secondary compared to the pressure effect (Valencia et al. 2006 (Valencia et al. , 2007b . Therefore, we can safely ignore the temperature dependence of those higher density materials (Fe and MgSiO 3 ) for which the temperature effect is weaker, or we can implicitly include a pre-assumed pressure-temperature (p-T) relation (for H 2 O it is the melting curve) so as to reduce the EOS to a simpler single-variable form:
To solve the set of equations mentioned above, appropriate boundaries conditions are given as:
• p0: the pressure at the center of the planet
• p1: the pressure at the first layer interface (the core-mantle boundary)
• p2: the pressure at the second layer interface (only needed for 3-layer model)
• p surf ace : the pressure at the surface of the planet (set to 1 bar (10 5 P a))
EOS of Fe, MgSiO 3 and H 2 O
The 3 layers that we consider for the planet interior are Fe, MgSiO 3 and H 2 O. Their detailed EOS are described as follows:
Fe
We model the core of a solid exoplanet after the Earth's iron core, except that in our model we ignore the presence of all other elements such as Nickel (Ni) and light elements such as Sulfur (S) and Oxygen (O) in the core. As pointed out by Valencia et al. (2010) , above 100 GPa, the iron is mostly in the hexagonal closed packed ǫ phase. Therefore, we -5 -use the Fe-EOS by Seager et al. (2007) . Below 2.09 * 10 4 GPa, it is a Vinet (Vinet et al. 1987 (Vinet et al. , 1989 formula fit to the experimental data of ǫ-iron at p≤ 330 GPa by Anderson et al. (2001) . Above 2.09 * 10 4 GPa, it makes smooth transition to the Thomas-Fermi-Dirac (TFD) EOS (Seager et al. 2007) . A smooth transition is assumed because there is no experimental data available in this ultrahigh-pressure regime.
The central pressure could reach 250 TPa (terapascal, i.e., 10 12 Pa) in the most massive planet considered in this paper. However, the EOS of Fe above 400 GPa is beyond the current reach of experiment and thus largely unknown. Therefore, our best approximation here is to extend the currently available ǫ-iron EOS to higher pressures and connect it to the TFD EOS.
The EOS of Fe is shown in Fig. 1 as the upper curve (red curve).
MgSiO 3
We model the silicate layer of a solid exoplanet using the Earth's mantle as a proxy. The FeO-free Earth's mantle with Mg/Si=1.07 would consist of mainly enstatite (MgSiO 3 ) or its high-pressure polymorphs and, depending upon pressure, small amounts of either forsterite and its high-pressure polymorphs (Mg 2 SiO 4 ) or periclase (MgO) (e.g. Bina 2003 ).
The olivine polymorphs as well as lower-pressure enstatite and majorite (MgSiO 3 with garnet structure), are not stable above 27 GPa. At higher pressures, the system would consist of MgSiO 3 -perovskite (pv) and periclase or their higher-pressure polymorphs (Stixrude & Lithgow-Bertellon 2011; Bina 2003) . Given the high pressures at the H 2 O-silicate boundary usually exceeding 27 GPa, we can safely ignore olivine and lower-pressure pyroxene polymorphs. For the sake of simplicity, we also ignore periclase, which would contribute only 7 at.% to the silicate mantle mineralogical composition. There are also small amounts of other elements such as Aluminum (Al), Calcium (Ca), and Sodium (Na) present in Earth's mantle (Sotin et al. 2007 ). For simplicity, we neglect them and thus the phases containing them are not included in our model. We also do not consider SiC because carbon-rich planets might form under very rare circumstances, and are probably not common.
Some fraction of Fe can be incorporated into the minerals of the silicate mantle which could then have the general formula as (Mg,Fe)SiO 3 . For now, we simply assume all the Fe is in the core and all the Mg is in the mantle in the form of MgSiO 3 -perovskite and/or its high-pressure polymorphs. So the planet is fully differentiated. In a later section, we will discuss how the addition of Fe to the mantle can affect mass-radius relation and compare the differences between differentiated and undifferentiated as well as reduced and oxidized -6 - We first consider the perovskite (pv) and post-perovskite (ppv) phases of pure MgSiO 3 . MgSiO 3 perovskite (pv) is believed to be the major constituent of the Earth mantle. It makes transition into the post-perovskite (ppv) phase at roughly 120 GPa and 2500 K (corresponding to a depth of 2600 kilometers in Earth) (Hirose 2010) . The ppv phase was discovered experimentally in 2004 (by Murakami et al. 2004 ) and was also theoretically predicted in the same year (by Oganov & Ono 2004) . The ppv is about 1.5% denser than the pv phase (Caracas & Cohen 2008; Hirose 2010) . This 1.5% density jump resulting from the pv-to-ppv phase transition can be clearly seen as the first density jump of the MgSiO 3 EOS curve shown in Fig. 1 . Both the MgSiO 3 pv EOS and MgSiO 3 ppv EOS are taken from Caracas & Cohen (2008) . The transition pressure is determined to be 122 GPa for pure MgSiO 3 according to Spera et al. (2006) .
Beyond 0.90 TPa, MgSiO 3 ppv undergoes a two-stage dissociation process predicted from the first-principle calculations by Umemoto & Wentzcovitch (2011 Wu et al. (2011) . Therefore, there are two density jumps at the dissociation pressures of 0.90 TPa and 2.10 TPa. The first one can be seen clearly in Fig. 1 . The second one cannot be seen in Fig. 1 since it is too small, but it surely exists.
Since Umemoto & Wentzcovitch (2011) 's EOS calculation is until 4.90 TPa, beyond 4.90 TPa, a modified version of the EOS by Seager et al. (2007) is used to smoothly connect to the TFD EOS. TFD EOS assumes electrons in a slowly varying potential with a density-dependent correlation energy term that describes the interactions among electrons. It is therefore insensitive to any crystal structure or arrangements of atoms and it becomes asymptotically more accurate at higher pressure. Thus, the TFD EOS of MgSiO 3 would be no different from the TFD EOS of MgO plus SiO 2 as long as the types and numbers of atoms in the calculation are the same. So it is safe to use the TFD EOS of MgSiO 3 as an approximation of the EOS of MgO and SiO 2 mixture beyond 4.90 TPa here. Seager et al. (2007) 's EOS is calculated from the method of Salpeter & Zapolsky (1967) above 1.35 * 10 4 GPa. Below 1.35 * 10 4 GPa, it is a smooth connection to TFD EOS from the fourth-order Birch-Murbaghan Equation of State (BME) (see Birch 1947; Poirier 2000) fit to the parameters of MgSiO 3 pv obtained by Ab initio lattice dynamics simulation of Karki et al. (2000 The EOS of MgSiO 3 is shown in Fig. 1 as the middle curve (orange curve).
H 2 O
The top layer of a planet could consist of various phases of H 2 O. Since H 2 O has a complex phase diagram, and it also has a stronger temperature dependence, thus the temperature effect cannot be ignored. Instead, we follow the solid phases along the melting curve (solidliquid phase boundary on the p-T plot by Chaplin (2012) ). Along the melting curve, the H 2 O undergoes several phase transitions. Initially, it is Ice Ih at low pressure, then subsequently transforms into Ice III, Ice V, Ice VI, Ice VII, Ice X, and superionic phase (Chaplin 2012; Choukroun & Grasset 2007; Dunaeva et al. 2010; French et al. 2009 ).
Chaplin's EOS
The solid form of water has very complex phases in the low-pressure and low-temperature regime. These phases are well determined by experiments. Here we adopt the Chaplin's EOS for Ice Ih, Ice III, Ice V, and Ice VI below 2.216 GPa (see Chaplin 2012; Choukroun & Grasset 2007; Dunaeva et al. 2010) . Along the melting curve (the solid-liquid boundary on the p-T diagram), the solid form of water first exists as Ice Ih (Hexagonal Ice) from ambient pressure up to 209.5 MPa (Choukroun & Grasset 2007) . At the triple point of 209.5 MPa and 251.15 K (Choukroun & Grasset 2007; Robinson et al. 1996) , it transforms into Ice III (Ice-three), whose unit cell forms tetragonal crystals. Ice III exists up to 355.0 MPa and transforms into a higher-pressure form Ice V (Ice-five) at the triple point of 355.0 MPa and 256.43 K (Choukroun & Grasset 2007) . Ice V's unit cell forms monoclinic crystals. At the triple point of 618.4 MPa and 272.73 K (Choukroun & Grasset 2007) , Ice V transforms into yet another higher-pressure form Ice VI (Ice-six). Ice VI's unit cell forms tetragonal crystals. A single molecule in Ice VI crystal is bonded to four other water molecules. Then at the triple point of 2.216 GPa and 355 K (Daucik & Dooley 2011) , Ice VI transforms into Ice VII -9 -(Ice-seven). Ice VII has a cubic crystal structure. Ice VII eventually transforms into Ice X (Ice-ten) at the triple point of 47 GPa and 1000 K (Goncharov et al. 2005) . In Ice X, the protons are equally spaced and bonded between the oxygen atoms, where the oxygen atoms are in a body-centered cubic lattice (Hirsch & Holzapfel 1984) . The EOS of Ice X and Ice VII are very similar. For Ice VII (above 2.216 GPa), we switch to the (Frank, Fei, & Hu 2004 )'s EOS (FFH2004).
FFH2004's EOS
We adopt FFH2004's EOS of Ice VII for 2.216 GPa≤p≤ 37.4 GPa. This EOS is obtained using the Mao-Bell type diamond anvil cell with an external Mo-wire resistance heater. Gold and water are put into the sample chamber and compressed. The diffraction pattern of both H 2 O and gold are measured by the Energy-Dispersive X-ray Diffraction (EDXD) technique at the Brookhaven National Synchrotron Light Source. The gold here is used as an internal pressure calibrant. The disappearance of the diffraction pattern of the crystal Ice VII is used as the indicator for the solid-liquid boundary (melting curve). The melting curve for Ice VII is determined accurately from 3 GPa to 60 GPa and fit to a Simon equation. The molar density (ρ in mol/cm 3 ) of Ice VII as a function of pressure (p in GPa) is given by the following formula in FFH2004:
We use Eq. 5 to calculate ρ from 2.216 GPa up to 37.4 GPa. The upper limit 37.4 GPa is determined by the intersection between FFH2004's EOS and (French, Mattsson, Nettelmann, & Redmer 2009 )'s EOS (FMNR2009).
FMNR2009's EOS
FMNR2009's EOS is used for Ice VII, Ice X and superionic phase of H 2 O for 37.4 GPa≤p≤ 8.893 TPa. This EOS is determined by Quantum Molecular Dynamics Simulations using the Vienna Ab Initio Simulation Package (VASP). The simulation is based on finite temperature density-functional theory (DFT) for the electronic structure and treating the ions as classical particles. Most of French et al.'s simulations consider 54 H 2 O molecules in a canonical ensemble, with the standard VASP PAW potentials, the 900 eV plane-wave cutoff, and the evaluation of the electronic states at the Γ point considered, for the 3 independent -10 -variables: temperature (T), volume (V), and particle number (N). The simulation results are the thermal EOS p(T,V,N), and the caloric EOS U(T,V,N). The data are tabulated in FMNR2009.
In order to approximate density ρ along the melting curve, from Table V in FMNR2009, we take 1 data point from Ice VII phase at 1000 K and 2.5g/cm 3 , 4 data points from Ice X phase at 2000 K and 3.25g/cm 3 to 4.00g/cm 3 , and the rest of the data points from the superionic phase at 4000 K and 5.00g/cm 3 up to 15g/cm 3 . Since the temperature effect on density becomes smaller towards higher pressure, all the isothermal pressure-density curves converge on the isentropic pressure-density curves as well as the pressure-density curve along the melting curve. 
SKHMM2007's EOS
At ultrahigh pressure, the effect of electron-electron interaction can be safely ignored and electrons can be treated as a gas of non-interacting particles that obey the Pauli exclusion principle subject to the Coulomb field of the nuclei. Assuming the Coulomb potential is spatially slowly varying throughout the electron gas that the electronic wave functions can be approximated locally as plane waves, the so-called TFD solution could be derived so that the Pauli exclusion pressure balances out the Coulomb forces (Eliezer et al. 2002; Macfarlane 1984) .
In SKHMM2007, a modified TFD by Salpeter & Zapolsky (1967) is used. It is modified in the sense that the authors have added in a density-dependent correlation energy term which characterizes electron interaction effects.
Here, Seager et al.'s EOS is slightly modified to connect to the FMNR2009's EOS. At 8.893 TPa, the ratio of the density ρ between the FMNR2009's EOS and Seager et al.'s EOS is 1.04464. This ratio is multiplied to the original Seager et al.'s EOS density ρ to produce the actual EOS used in our calculation for p> 8.893 TPa. Only the most massive planets in our model could reach this pressure in the H 2 O-layer, so this choice of EOS for p> 8.893 TPa has small effect on the overall mass-radius relation to be discussed in the next section.
The EOS of H 2 O is shown in Fig. 1 as the lower curve (blue curve). Given mass and radius input, various sets of mass-radius contours can be used to quickly determine the characteristic interior structure quantities of a 2-layer planet including its p0 (central pressure), p1/p0 (ratio of core-mantle boundary pressure over central pressure), CMF (core mass fraction), and CRF (core radius fraction).
The 2-layer model is uniquely solved and represented as a point on the mass-radius diagram given any pair of two parameters from the following list: M (mass), R (radius), p0, p1/p0, CMF, CRF, etc. The contours of constant M or R are trivial on the mass-radius diagram, which are simply vertical or horizontal lines. The contours of constant p0, p1/p0, CMF, or CRF are more useful.
Within a pair of parameters, fixing one and continuously varying the other, the point on the mass-radius diagram moves to form a curve. Multiple values of the fixed parameter give multiple parallel curves forming a set of contours. The other set of contours can be obtained by exchanging the fixed parameter for the varying parameter. The two sets of contours crisscross each other to form a mesh, which is a natural coordinate system (see Fig. 2 ) of this pair of parameters, superimposed onto the existing Cartesian (M, R) coordinates of the mass-radius diagram. This mesh can be used to determine the two parameters given the mass and radius input or vice versa.
Fe-MgSiO 3 planet
As an example, the mesh of p0 with p1/p0 for Fe-core MgSiO 3 -mantle planet is illustrated in the first subplot (upper left corner) of Fig. 2 . The mesh is formed by p0-contours and p1/p0-contours crisscrossing each other. The more vertical set of curves represents the p0-contours. The ratio of adjacent p0-contours is 10 0.1 (see Table 1 ). The more horizontal set of curves represents the p1/p0-contours. From bottom up, the p1/p0 values vary from 0 to 1 with step size 0.1.
Given a pair of p0 and p1 input, users may interpolate from the mesh to find the mass and radius. On the other hand, given the mass and radius of a planet, users may also interpolate from the mesh to find the corresponding p0 and p1 of a 2-layer Fe core MgSiO 3 -mantle planet.
Similarly, the contour mesh of p0 with CMF for the Fe-MgSiO 3 planet is shown as the To find out what p0 value each p0-contour corresponds to, please refer to Table 1 .
-13 -second subplot from the left in the first row of Fig. 2 . As a reference point, for a pure-Fe planet with p0 = 10 11 Pa, M = 0.1254M ⊕ , R = 0.417R ⊕ .
The contour mesh of p0 with CRF for the Fe-MgSiO 3 planet is shown as the third subplot from the left of the first row of Fig. 2. 
MgSiO 3 -H 2 O planet
For 2-layer MgSiO 3 -H 2 O planet, the 3 diagrams (p0 contours pair with p1/p0 contours, CMF contours, or CRF contours) are the subplots of the second row of Fig. 2 .
As a reference point, for a pure-MgSiO 3 planet with p0 = 10 10.5 Pa, M = 0.122M ⊕ , R = 0.5396R ⊕ .
Fe-H 2 O planet
For 2-layer Fe-H 2 O planet, the 3 diagrams (p0 contours pair with p1/p0 contours, CMF contours, or CRF contours) are the subplots of the third row of Fig. 2 .
As a reference point, for a pure-Fe planet with p0 = 10 11 Pa, M = 0.1254M ⊕ , R = 0.417R ⊕ .
Mass-Radius Curves
For observers' interest, 6 characteristic mass-radius curves are plotted (Fig. 3) and tabulated (Table 1) , representing the pure-Fe planet, half-Fe half-MgSiO 3 planet, pure MgSiO 3 planet, half-MgSiO 3 half-H 2 O planet, 75% H 2 O-25% MgSiO 3 planet, and pure H 2 O planet. These fractions are mass fractions. Fig. 3 also shows some recently discovered exoplanets within the relevant mass-radius regime for comparison. These planets include Kepler10b (Batalha et al. 2011 ), Kepler-11b (Lissauer et al. 2011 ), Kepler-11f (Lissauer et al. 2011 ), Kepler-18b (Cochran et al. 2011 ), Kepler-36b (Carter et al. 2012 ), and Kepler-20b,c,d (III et al. 2012 . They also include Kepler-20e (R = 0.868 Fressin et al. 2012) , the mass range is determined by pure-silicate mass-radius curve and the maximum collisional stripping curve (Marcus et al. 2010) ), Kepler-20f (R = 1.034 +0.100 −0.127 R ⊕ (Fressin et al. 2012) , the mass range is determined by 75% water-ice and 25% silicate mass-radius curves and the maximum collisional stripping curve (Marcus et al. 2010) ), Kepler-21b (R = 1.64±0.04R ⊕ (Howell et al. 2012) , The upper limit for mass is 10.4M ⊕ : the 2-σ upper limit preferred in the paper. The -14 -lower limit is 4M ⊕ , which is in between the "Earth" and "50% H 2 O-50% MgSiO 3 " model curves -the planet is very hot and is unlikely to have much water content if any at all.), Kepler-22b (R = 2.38 ± 0.13R ⊕ (Borucki et al. 2012) , The 1-σ upper limit for mass is 36M ⊕ for an eccentric orbit (or 27M ⊕ , for circular orbit)), CoRoT-7b (M = 7.42 ± 1.21M ⊕ , R = 1.58 ± 0.1R ⊕ (Hatzes et al. 2011; Leger et al. 2009; Queloz et al. 2009 )), 55 Cancri e (M = 8.63 ± 0.35M ⊕ , R = 2.00 ± 0.14R ⊕ (Winn et al. 2011)) , and GJ 1214b (Charbonneau et al. 2009 ).
4.3. Levels of planet differentiation: the effect of Fe partitioning between mantle and core
All models of planets discussed so far assume that all Fe is in the core, while all Mg, Si and O are in the mantle, i.e., that a planet is fully differentiated. However, we know that in terrestrial planets some Fe is incorporated into the mantle. There are two separate processes which affect the Fe content of the mantle: (1) mechanical segregation of Fe-rich metal from the mantle to the core, and (2) different redox conditions resulting in a different Fe/Mg ratio within the mantle, which in turn affects the relative size of the core and mantle. In this section we show the effects of (1) undifferentiated versus fully-differentiated, and (2) reduced versus oxidized planetary structure on the mass-radius relation for a planet with the same Fe/Si and Mg/Si ratios.
For simplicity, here we ignore the H 2 O and gaseous content of the planet and only consider the planet made of Fe, Mg, Si, O. To facilitate comparison between different cases, we fix the global atomic ratios of Fe/Mg=1 and Mg/Si=1; these fit well within the range of local stellar abundances (Grasset et al. 2009 ).
In particular, we consider a double-layer planet with a core and a mantle in two scenarios. One follows the incomplete mechanical separation of the Fe-rich metal during planet formation, and results in addition of Fe to the mantle as metal particles. It does not change EOS of the silicate components, but requires adding an Fe-EOS to the mantle mixture. Thus, 
x denotes the relative amount of FeO added to the silicate mantle, x=0 being the most reduced state with no Fe in the mantle, and x=1 being the most oxidized state with all Fe existing as oxides in the mantle. This oxidization process conserves the global Fe/Mg and Mg/Si ratios, but increases O content and thus the O/Si ratio of the planet since Fe is added to the mantle in the form of FeO. Because in stellar environments O is excessively abundant relative to Mg, Si, and Fe (e.g., the solar elemental abundances (Asplund et al. 2009 )), it is not a limiting factor in our models of oxidized planets. We calculate the following three cases to represent the full range of redox conditions: Case 5: partial oxidization of Fe x=0.5. Half the Fe forms smaller metal core, the other half is added as FeO to the mantle. O/Si=3.5, CMF=0.1700.
-18 -Case 6: complete oxidization of Fe x=1. All Fe is added as FeO to the mantle, resulting in no metal core at all. O/Si=4, CMF=0.
Notice that Case 4 looks identical to Case 1. However, the silicate EOS used to calculate Case 4 is different from Case 1 at ultrahigh pressures (beyond 0.90 TPa). For Cases 4, 5, and 6, the (Mg,Fe)SiO 3 EOS is adopted from Caracas & Cohen (2008) and Spera et al. (2006) which only consider perovskite (pv) and post-perovskite (ppv) phases without including further dissociation beyond 0.90 TPa, since the Fe 2+ -bearing silicate EOS at ultrahigh pressures is hardly available. On the other hand, Comparison between Case 1 and Case 4 also shows the uncertainty on mass-radius relation resulting from the different choice of EOS (see Table 2 ). Fe 2+ -bearing pv and ppv have the general formula: (Mg y ,Fe 1−y )SiO 3 , where y denotes the relative atomic number fraction of Mg and Fe in the silicate mineral. The (Mg y ,Fe 1−y )SiO 3 silicate is therefore a binary component equilibrium solid solution. It could either be pv or ppv or both depending on the pressure (Spera et al. 2006) . We can safely approximate the narrow pressure region where pv and ppv co-exist as a single transition pressure from pv to ppv. This pressure is calculated as the arithmetic mean of the initial transition pressure of pv → pv+ppv mixture and the final transition pressure of pv+ppv mixture → ppv (Spera et al. 2006) . The pv EOS and ppv EOS are connected at this transition pressure to form a consistent EOS for all pressures.
Addition of FeO to MgSiO 3 results in the appearance of a second phase, magnesiowüstite, in the mantle according to Eq. 6. The (Mg,Fe)O EOS for Cases 4, 5, and 6 is adopted from Fei et al. (2007) , which includes the electronic spin transition of high-spin to low-spin in Fe 2+ . For simplicity, we assume that pv/ppv and mw have the same Mg/Fe ratio. 
Oxidization of Fe (partitioning Fe as Fe-oxides from the core into the mantle) makes the planet appear larger. The complete oxidization of Fe makes the radius 3% larger for small planets around 1 M ⊕ , then the difference decreases with increasing mass within the mass range of 1 to 20 M ⊕ . Undifferentiated planets (partitioning of metallic Fe from the core into the mantle) appear smaller than fully differentiated planets. The completely undifferentiated planet is practically indistinguishable in radius for small planets around 1 M ⊕ , then the difference increases to 1%-level around 20 M ⊕ . The mass, radius, CRF and p1/p0 data of Cases 1 through 6 are listed in Table 2 . 
Tabulating the Ternary Diagram
For the 3-layer model of solid exoplanet, points of a curve segment on the ternary diagram represent all the solutions for a given mass-radius input. These ternary diagrams are tabulated (Table 3) with the intent to make comparison to observations easier.
Usually, there are infinite combinations (solutions) of Fe, MgSiO 3 and H 2 O mass fractions which can give the same mass-radius pair. All the combinations together form a curve segment on the ternary diagram of Fe, MgSiO 3 and H 2 O mass fractions (Zeng & Seager 2008; Valencia et al. 2007a ). This curve segment can be approximated by 3 points on it: two endpoints where one or more out of the 3 layers are absent and one point in between where all 3 layers are present to give the same mass and radius. The two endpoints correspond to the minimum central pressure (p0 min ) and maximum central pressure (p0 max ) allowed for the given mass-radius pair. The middle point is chosen to have the central pressure p0 mid = √ p0 max * p0 min . Table 3 contains 8 columns: 1st column: Mass. The masses range from 0.1 M ⊕ to 100 M ⊕ with 41 points in total. The range between 0.1 and 1 M ⊕ is equally divided into 10 sections in logarithmic scale. The range between 1 and 10 M ⊕ is equally divided into 20 sections in logarithmic scale. And the range between 10 and 100 M ⊕ is equally divided into 10 sections in logarithmic scale.
2nd column: Radius. For each mass M in Table 3 there are 12 radius values, 11 of which are equally spaced within the allowed range: R F e (M) + (R H 2 O (M) − R F e (M)) * i, where i = 0, 0.1, 0.2, ..., 0.9, 1.0. The 12-th radius value (R M gSiO 3 (M)) is inserted into the list corresponding to the pure-MgSiO 3 planet radius (see Table 1 ) for mass M. Here R F e (M), R M gSiO 3 (M), and R H 2 O (M) are the radii for planets with mass M composed of pure-Fe, pure-MgSiO 3 , and pure-H 2 O correspondingly.
Overall, there are 41 * 12 = 492 different mass-radius pairs in Table 3 . For each (M, R), 3 cases: p0 min , p0 mid , and p0 max are listed. 3rd column: central pressure p0 (Pascal) in logarithmic base-10 scale.
4th column: p1/p0, the ratio of p1 (the first boundary pressure, i.e., the pressure at the Fe-MgSiO 3 boundary) over p0. 5th column: p2/p1, the ratio of p2 (the second boundary pressure, i.e., the pressure at the MgSiO 3 -H 2 O boundary) over p1. 6th column: Fe mass fraction (the ratio of the Fe-layer mass over the total mass of the planet).
-22 -7th column: MgSiO 3 mass fraction (the ratio of the MgSiO 3 -layer mass over the total mass of the planet). 8th column: H 2 O mass fraction (the ratio of the H 2 O-layer mass of over the total mass of the planet).
6th, 7th and 8th columns always add up to one. A dynamic and interactive tool to characterize and illustrate the interior structure of exoplanets built upon Table 3 and other models in this paper is available on the website http://www.cfa.harvard.edu/~lzeng. 4.5. Generate curve segment on ternary diagram using Table 3 One utility of Table 3 is to generate the curve segment on the 3-layer ternary diagram for a given mass-radius pair. As an example, for M=1M ⊕ and R=1.0281R ⊕ , the table provides 3 p0's. For each p0, the mass fractions of Fe, MgSiO 3 , and H 2 O are given to determine a point on the ternary diagram. Then, a parabolic fit (see Fig. 5 ) through the 3 points is a good approximation to the actual curve segment. This parabola may intersect the maximum collisional stripping curve by Marcus et al. (2010) , indicating that the portion of parabola beneath the intersection point may be ruled out by planet formation theory.
-23 - Fig. 5 .-The red, orange and purple points correspond to log 10 (p0 (in P a)) = 11.4391, 11.5863, and 11.7336. The mass fractions are (1) red point: FeMF=0.083, MgSiO 3 MF=0.917, H 2 OMF=0; (2) orange point: FeMF=0.244, MgSiO 3 MF=0.711, H 2 OMF=0.046; (3) purple point: FeMF=0.728, MgSiO 3 MF=0, H 2 OMF=0.272. MF here stands for mass fraction. The blue curve is the parabolic fit. The red dashed curve is the maximum collisional stripping curve by Marcus et al. (2010) .
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Conclusion
The 2-layer and 3-layer models for solid exoplanets composed of Fe, MgSiO 3 , and H 2 O are the focus of this paper. The mass-radius contours (Fig. 2) are provided for the 2-layer model, useful for readers to quickly calculate the interior structure of a solid exoplanet. The 2-parameter contour mesh may also help one build physical insights into the solid exoplanet interior structure.
The complete 3-layer mass-fraction ternary diagram is tabulated (Table 3) , useful for readers to interpolate and calculate all solutions as the mass fractions of the 3 layers for a given mass-radius input. The details of the EOS of Fe, MgSiO 3 , and H 2 O and how they are calculated and used in this paper are discussed in section 3 and shown in Fig. 1 .
A dynamic and interactive tool to characterize and illustrate the interior structure of exoplanets built upon Table 3 and other models in this paper is available on the website http://www.cfa.harvard.edu/~lzeng.
The effect of Fe partitioning between mantle and core on mass-radius relation is explored in section 4.3, and the result is shown in Fig. 4 and Table 2 .
With the ongoing Kepler Mission and many other exoplanet searching projects, we hope this paper could provide a handy tool for observers to fast characterize the interior structure of exoplanets already discovered or to be discovered, and further our understanding of those worlds beyond our own.
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